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Abstract
Disequilibrium melting arises when the kinetics of chemical exchange between a residual mineral and partial melt is sluggish compare to the rate of melting. To better understand the role of a ﬁnite crystal–melt exchange rate on trace element fractionation during mantle melting, we have developed a disequilibrium melting model for partial melting in an upwelling steadystate column. We use linear kinetics to approximate crystal–melt mass exchange rate and obtain simple analytical solutions
for cases of perfect fractional melting and batch melting. A key parameter determining the extent of chemical disequilibrium
during partial melting is an element speciﬁc dimensionless ratio (e) deﬁned as the melting rate relative to the solid–melt chemical exchange rate for the trace element of interest. In the case of diﬀusion in mineral limited chemical exchange, e is inversely
proportional to diﬀusivity of the element of interest. Disequilibrium melting is important for the trace element when e is comparable to or greater than the bulk solid–melt partition coeﬃcient for the trace element (k). The disequilibrium fractional
melting model is reduced to the equilibrium perfect fractional melting model when e is much smaller than k. Hence highly
incompatible trace elements with smaller mobilities in minerals are more susceptible to disequilibrium melting than moderately incompatible and compatible trace elements. Eﬀect of chemical disequilibrium is to hinder the extent of fractionation
between residual solid and partial melt, making the residual solid less depleted and the accumulated melt more depleted in
incompatible trace element abundances relative the case of equilibrium melting.
Application of the disequilibrium fractional melting model to REE and Y abundances in clinopyroxene in abyssal peridotites from the Central Indian Ridge and the Vema Lithospheric Section, Mid-Atlantic Ridge revealed a positive correlation
between the disequilibrium parameter e and the degree of melting, which can be explained by an increase in melting rate and a
decrease in REE diﬀusion rate in the upper part of the melting column. Small extent of disequilibrium melting for LREE and
equilibrium melting for HREE in the upper part of the melting column can explain the elevated LREE abundances or spoonshaped REE patterns in clinopyroxene in more refractory abyssal peridotites. The latter has often been attributed to melt
refertilization.
Ó 2015 Elsevier Ltd. All rights reserved.

1. INTRODUCTION
The distribution and fractionation of trace element
between minerals and coexisting melt are important to the
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interpretation of mantle melting and melt migration processes. Interpretation of the trace elements in mantle rocks
is based largely on simple melting models such as batch
melting, fractional melting, dynamic or continuous melting,
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and ﬂux melting models (e.g., Shaw, 2006 and references
therein). These simple models are also referred to as equilibrium melting models because residual solid and coexisting
melt are in instantaneous chemical equilibrium during melting and melt migration. When the rate of chemical
exchange between a residual mineral and partial melt is
smaller than the rate of melting, chemical disequilibrium
arises. Incomplete chemical exchange between interiors of
mineral grains and their surrounding melt results in lesser
extent of fractionation between residual solid and partial
melt when compared to equivalent cases of equilibrium
melting.
Models for trace element fractionation during disequilibrium mantle melting were presented in a number of studies (e.g., Allègre and Minster, 1978; Prinzhofer and Allègre,
1985; Iwamori, 1992, 1993; Qin, 1992; Van Orman et al.,
2002; Liang, 2003a; Rudge et al., 2011). The earlier model
of Allègre and Minster (1978) and Prinzhofer and Allègre
(1985) assumes no chemical exchange between interiors of
residual minerals and their surrounding melt. This is a case
of complete disequilibrium melting that may be more relevant to melting under crustal (and hydrous) conditions
where temperature is low and kinetics is sluggish. In a more
general case of disequilibrium melting, melt and residual
minerals exchange at ﬁnite rates compared to the rate of
melting. A common treatment of disequilibrium melting is
to consider grain-scale diﬀusive exchange between residual
minerals and their surrounding melt during melting
(Iwamori, 1992, 1993; Qin, 1992; Van Orman et al.,
2002). This is a moving boundary problem that has no analytical solution. Although numerical solutions to the grainscale moving boundary problem are straightforward, they
become a formidable computational task at larger length
scales and higher spatial dimensions. For large-scale geochemical mass transfer problems, such as melt generation
beneath mid-ocean ridge spreading center, it is convenient
and practical to reformulate the grain-scale mass transfer
problem on continuum length scale where mineral and melt
compositions are deﬁned in a representative elementary volume (REV) that is much larger than mineral grain size
through proper averaging and upscaling (e.g., Bear and
Bachmat, 1990; Quintard and Whitaker, 1996; Whitaker,
1999). A simple treatment of grain-scale kinetics is to
approximate diﬀusive ﬂux at the mineral–melt interface
by linear kinetics and uses an average rate constant to characterize mineral–melt diﬀusive exchange within the REV.
This boundary layer approximation for solid–melt mass
transfer in porous media has been widely used in studies
of chemical chromatography and mantle metasomatism
(e.g., Vermeulen, 1953; Glueckauf, 1955; Navon and
Stolper, 1987; Bodinier et al., 1990; Cussler, 1997; Liang,
2003b). Using linear kinetics for mineral–melt diﬀusive
exchange, Liang (2003a) generalized the dynamic melting
model of McKenzie (1985, see also Albarède, 1995; Zou,
1998; Shaw, 2000) by assuming constant porosity in the
solid and melt mass conservation equations and solved
the system of coupled ordinary diﬀerential equations
numerically following the temperature–pressure path of a
subducting slab. Rudge et al. (2011) discussed continuum
scale formulations for disequilibrium melting of a multi-

component mantle from perspectives of non-equilibrium
thermodynamics. Their expressions for mineral–melt mass
transfer are essentially the same as those discussed in
Liang (2003a,b) based on grain-scale averaging.
With the exception of the complete disequilibrium melting models of Allègre and Minster (1978) and Prinzhofer
and Allègre (1985), there is no analytical solution for disequilibrium melting. The main purpose of the present study
is to develop simple models for trace element fractionation
during disequilibrium fractional melting and batch melting.
Fractional melting and batch melting are two limiting styles
of mantle melting. Melting in a one-dimensional steadystate upwelling column without instantaneous melt extraction is equivalent to batch melting (Ribe, 1985; Asimow
and Stolper, 1999). The very depleted nature of incompatible trace elements in abyssal peridotites, olivine-hosted melt
inclusions, and cumulates crystallized from basalts suggests
that melting in the oceanic mantle is fractional or near fractional (e.g., Johnson et al., 1990; Johnson and Dick, 1992;
Ross and Elthon, 1993; Sobolev and Shimizu, 1993;
Shimizu, 1998). Fractional or near fractional melting
requires eﬃcient isolation of partial melt from residual
solid. This can be achieved physically by channelized melt
migration and chemically by disequilibrium melting and
melt transport (Spiegelman and Kenyon, 1992; Hart,
1993; Kelemen et al., 1997). In the next section, we ﬁrst outline a steady-state model for non-modal disequilibrium
melting in an upwelling melting column. We then focus
on a simpliﬁed problem of disequilibrium perfect fractional
melting and present analytical solutions for a trace element
in the partial melt and residual solid (Section 2). (Approximate solutions for near equilibrium batch melting are summarized in Appendices B and C.) We discuss key features of
disequilibrium fractional melting and show that small
extent of chemical disequilibrium can have a signiﬁcant
eﬀect on the abundance and distribution of highly incompatible trace elements in residual solid (Section 3). As an
example of geological application, we invert for degree of
melting and a disequilibrium parameter that measures the
extent of chemical disequilibrium from abundances of
REE and Y in clinopyroxene in abyssal peridotites using
the disequilibrium fractional melting model (Section 4).
We assess eﬀects of disequilibrium batch melting in the
lower part of the melting column, melt refertilization in
the upper most part of the melting column, and mantle
metasomatism on REE patterns in clinopyroxene and
discuss physical meanings of the inverted parameters
(Section 5). Small extent of chemical disequilibrium may
be present during adiabatic melting of the oceanic mantle.
2. DISEQUILIBRIUM MELTING MODELS
2.1. Model setup
We consider melting and melt migration in a onedimensional steady-state upwelling column in which part
of the melt generated is extracted to nearby channels or
conduits. We are interested in steady-state distributions of
a trace element in the interstitial melt (concentration C f ),
residual bulk solid (Cs) and minerals (C sj , j = 1, 2, . . . , N)
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in the upwelling column when the system is locally out of
chemical equilibrium, where N is the number of minerals
in the system. For simplicity, we neglect diﬀusion and dispersion in the melt and use linear kinetics to approximate
crystal–melt ﬁnite exchange that arises from diﬀusion in
minerals and/or dissolution–reprecipitation (Navon and
Stolper, 1987; Richter and DaPaolo, 1987; Bodinier et al.,
1990; Liang, 2003b), viz.,
fcrystal–melt exchangegj ¼ qs /j Rj ðC sj  k j C f Þ;

ð1Þ

where qs is the density of solid; /j is the volume fraction of
mineral j in the system; Rj is the exchange rate constant for
the trace element of interest between mineral j and the melt;
kj is the mineral j and melt partition coeﬃcient for the trace
element. (Notations are listed in Table 1.) Mass conservation equations for a non-radioactive trace element in the
interstitial melt, residual solid, and a given mineral can be
derived by considering advection, melting, and solid–melt
mass exchange in a REV. The steady-state mass conservation equations are summarized in Appendix A (Eqs.
(A1a)–(A1c)) and take on the common form
fmass fluxg

dC
¼ fmeltingg
dz
þ fsolid–melt exchangeg;

where z is the vertical coordinate measured upward from
the onset of melting (z = 0); C is the concentration of the
trace element in the melt, bulk solid, or residual mineral.
Eq. (2) can also be written in terms of the degree of melting
experienced by the residual solid (F), as both the mass ﬂux
and z are functions of F (Eqs. (A3a)–(A3c) in Appendix A).
The resulting equations are nonlinear (Eqs. (A4a)–(A4c))
and do not have exact solutions. To pinpoint the role of
chemical disequilibrium in simple melting models, we
seek analytical solutions to a simpliﬁed problem of
disequilibrium melting in which mineral–melt exchange
rates are the same for all the minerals in the systems, i.e.,
R1 = R2 =    = RN = R. Mass conservation equations for
the simpliﬁed problem are
dC f
¼ eðC ps  C f Þ þ ðC s  kC f Þ;
dF
dC s
¼ eðC s  C ps Þ  ðC s  kC f Þ;
eð1  F Þ
dF
dC j
eð1  F Þ s ¼ ðC sj  k j C f Þ;
dF
eF ð1  RÞ

ð3aÞ
ð3bÞ

Symbol

Description

Cf

Concentration of a trace element in the instantaneous
melt
Instantaneous melt derived from the disequilibrium
batch melting model
Concentration of a trace element in the aggregated melt
Concentration of a trace element in the bulk solid
Concentration of the bulk solid at the onset of melting
Concentration of a trace element in mineral j
Net concentration of the solid participated in the
melting reaction, Eq. (A1e)
Diﬀusion coeﬃcient
Mineral grain size
Degree of melting experienced by the bulk solid
Degree of melting at which the melt compositions are
the same between the equilibrium and disequilibrium
melting models, Eq. (8)
Degree of melting at the onset of dynamic melting, Eq.
(10c)
Bulk solid–melt partition coeﬃcient
Bulk solid–melt partition coeﬃcient at the onset of
melting
Eﬀective bulk solid–melt partition coeﬃcient deﬁned by
Eq. (7)
Bulk solid–melt partition coeﬃcient for the melting
reaction
Weight fraction of mineral j participated in the melting
reaction
Mineral–melt exchange rate constant, subscript j refers
to mineral j
Velocity of the melt or solid
Solid upwelling rate at the onset of melting
Weight fraction of mineral j in the solid
Vertical coordinate, measured from the base of the
melting column
Ratio between the melt and solid mass or mass ﬂux
ratio, Eq. (10b) or (10d)
Element speciﬁc disequilibrium parameter, Eq. (3d),
subscript j refers to mineral j
Disequilibrium parameter for La or REE
Volume fraction of the melt or mineral j
Melting rate of the bulk solid
Density of melt or solid
Dimensionless melt suction rate, 0 6 R 6 1

C batch
f
f
C
Cs
C 0s
C sj
C ps
D
d
F
Fx

fp
k
k0

kp
pj
R
V f;V s
V 0s
wj
z
a
e
eLa ; eREE
/f ; /j
C
qf ; qs
R

ð3cÞ

where R is the dimensionless melt suction rate, deﬁned as
the fraction of melt removed from the residual solid (to a
nearby channel) relative to the amount of melt produced
by melting (Iwamori, 1994; Liang and Peng, 2010); C ps is
the net concentration of solid that participates in the
melting reaction (deﬁned by Eq. (A1e) in Appendix A).
For modal melting, we have C s ¼ C ps . e is a (dimensionless)
disequilibrium parameter, deﬁned as the ratio between the
bulk melting rate (C, in kg m3 s1) and the mineral–melt
exchange rate (R, in s1) for the element of interest, viz.,
C
:
e¼
qs ð1  /f ÞR

Table 1
List of key symbols used in the main text.

ke

ð2Þ
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ð3dÞ

The bulk solid–melt partition coeﬃcient k varies during
non-modal melting and takes on the usual expression
k¼

k0  kp F
;
1F

ð3eÞ

where k0 is the bulk partition coeﬃcient at the onset of
melting (F = 0) and kp is the partition coeﬃcient calculated
according to melting reaction. Eqs. (3a)–(3c) are closed by
the following boundary conditions at the bottom of the
melting column:
C f ð0Þ ¼

ek p þ k 0 C 0s
;
e þ k0 k0

C s ð0Þ ¼ C 0s ;

C sj ð0Þ ¼

kj 0
C ;
k0 s
ð3f; 3g; 3hÞ
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where the boundary condition for the melt is obtained by
setting F = 0 in Eq. (3a).
Given solid–melt partition coeﬃcients, the steady-state
disequilibrium melting model described by Eqs. (3a)–(3h)
has three dimensionless parameters: degree of melting (F),
melt suction rate (R), and disequilibrium parameter (e).
For a ﬁxed melting rate, e / 1=R and hence goes to zero
when mineral–melt exchange coeﬃcient R is very large.
Eqs. (3a)–(3h) then recover the limit of equilibrium melting.
In the absence of melt extraction or suction along the melting column, i.e., regions of the upwelling mantle far away
from channels (R ¼ 0), Eqs. (3a)–(3h) form a complete
model for disequilibrium batch melting. Approximate
solutions to a case of near equilibrium batch melting (i.e.,
when e  1) are presented in Appendix B. In the limit of
complete and instantaneous melt extraction along the melting column (R ¼ 1), we have the case of perfect fractional
melting. Eqs. (3a)–(3h) then have exact solutions which
we will detail below.
2.2. Disequilibrium fractional melting model
During perfect fractional melting, any melt generated in
the melting column is instantaneously removed from residual
solid, leaving no porosity in the upwelling melting column,
viz., R ¼ 1. The net concentration of solid participated in
the melting reaction, C ps , is related to the bulk solid
concentration through the simple relation, C ps =C s ¼ k p =k.
From Eq. (3a), we have a simple relation for the melt and
bulk solid compositions during fractional melting,
Cf ¼

ek p þ k C s
:
eþk k

ð4Þ

Substituting Eq. (4) into Eq. (3b) and upon integration, we
have exact solutions for the case of non-modal disequilibrium perfect fractional melting,
1  k p
e þ kp



ek p þ k
e þ kp
1
F
e þ k0
e þ k k0

1  k p
kC 0s
e þ kp e þ kp
1
F
;
Cs ¼
k0
e þ k0
C 0s

Cf ¼

;

ð5aÞ

ð5bÞ

ð5cÞ

The average or aggregated melt composition is given by
the global mass conservation equation
ð5dÞ

The analytical solutions Eqs. (5a)–(5d) are simpliﬁed to
the non-modal equilibrium perfect fraction melting model
when e ¼ 0. These equations are reduced to the case of
complete disequilibrium melting when e is much greater
than the larger of 1 and kp. The melt and residual bulk solid
compositions are given by the simple expressions
Cf ¼

kp 0
C
k0 s

and

Cs ¼

k 0
C ;
k0 s

3. GENERAL FEATURES OF DISEQUILIBRIUM
FRACTIONAL MELTING
To obtain simple analytical solutions, we assumed that
the mineral–melt exchange rate constant Rj is the same
for all the minerals in the melting column. In terms of diffusive mass transfer through mineral grains, this assumption implies that zoning proﬁles for the trace element of
interest in minerals are the same for all the minerals in
the system when normalized to grain sizes and rim concentrations. Consequently, (average) concentrations of the
trace element in the minerals are proportional to each
other, i.e., according to their partition coeﬃcients (cf. Eq.
(5c)), although chemical equilibrium has not been established. In a more general case when the exchange rates
are diﬀerent among the minerals, the simple relation given
by Eq. (5c) may not be valid. (We will come back to this
point in Section 5.1.) With this caveat in mind, we now
examine the main features of the disequilibrium fractional
melting below.
3.1. Hindered fractionation and an eﬀective partitioning
coeﬃcient
Eq. (4) allows us to deﬁne an eﬀective or apparent bulk
partition coeﬃcient, ke, for fractional melting,
ke ¼

1  k p
0
k
k
C
e
þ
k
j
j
p
e þ kp
s
1
F
:
C sj ¼ C s ¼
k
k0
e þ k0

 f ¼ 1 ½C 0  ð1  F ÞC s :
C
F s

which are equivalent to Eqs. (6) and (7) in Prinzhofer and
Allègre (1985). Hence melt and residual solid compositions
are diﬀerent from the starting solid composition during
non-modal complete disequilibrium melting, as noted in
earlier studies (Prinzhofer and Allègre, 1985; Van Orman
et al. 2002). Examples calculated using Eqs. (5a) and (5b)
and a comparison with the dynamic or continuous melting
model will be presented in the next section.

ð6a; 6bÞ

Cs
eþk
k;
¼
C f ek p þ k

ð7Þ

which varies between k and k/kp for equilibrium fractional
melting and complete disequilibrium melting, respectively.
The eﬀective partition coeﬃcient ke is a constant for
modal melting, but varies as a function of F for nonmodal melting. Since k e > k for incompatible elements,
the eﬀect of chemical disequilibrium is to hinder the extent
of fractionation between the solid and the melt, making
the residual solid less depleted and the accumulated melt
more depleted relative the case of equilibrium melting.
(The opposite is true for a compatible trace element.) This
is illustrated in Figs. 1a and 1c for an incompatible trace
element (k0 = kp = 0.025) and several choices of e. Interestingly, abundances of the incompatible trace element in the
instantaneous melt are higher than the case of equilibrium
fractional melting at higher degrees of melting, i.e., there
is a cross over between the dashed line (equilibrium melting) and the solid lines (disequilibrium melting) in
Fig. 1b. The cross over arises because residual solid is less
fractionated and hence has higher incompatible trace element abundances during disequilibrium melting (Fig. 1a).
For the case of modal melting (i.e., k p ¼ k 0 ), an explicit
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Fig. 1. Variations of an incompatible trace element (k0 = kp = 0.025) in residual solid, panel (a), instantaneous melt, panel (b), and aggregated
melt, panel (c), as a function of the degree of melting for 5 selected disequilibrium parameter e. Concentrations are normalized by initial solid
concentration at the onset of melting. The case of equilibrium fractional melting is shown as dashed lines.

expression for the degree of melting at the cross over, Fx,
can be obtained,
 
k 0 e þ k 0
eþ1
e 1  k0
F x ¼ 1  k0
;
e þ k0

ð8Þ

where the term in parenthesis is the reciprocal of the eﬀective partition coeﬃcient. Fig. 2 displays the strong dependence of Fx on the bulk partition coeﬃcient. For melting
of a spinel lherzolite mantle, the cross over Fx is 7–10%
for Yb, 1–3% for La, and 0.3–0.5% for U and Th for
e = 0.01–0.2, according to the bulk partition coeﬃcients
listed in Workman and Hart (2005). For moderately incompatible and compatible trace elements (k0 > 0.4), Fx is
greater than 30% and hence unlikely to occur during

10

0

1
k 0
C s ¼ C s ð1  F Þ e :
k0

ε = 0.01
ε = 0.02
ε = 0.05
ε = 0.2
10

Fx

Yb

Nd

-2
La

U
Th

10 -3 -3
10

ð9Þ

This is an important feature of disequilibrium fractional
melting. Ratios of the highly incompatible trace element
abundances in the residual solid then are the same as those
in the source region during modal melting, independent of
the extent of melting. This is illustrated by the subhorizontal lines in the upper left corner of Fig. 3 for a case
of modal melting.

-1

Ti

10

lherzolite melting. Hence disequilibrium fractional melting
is less eﬀective in depleting highly incompatible trace element abundances in instantaneous melt than equilibrium
fractional melting when F > Fx.
Figs. 1a and 3 demonstrate that even small extent of
chemical disequilibrium can have a signiﬁcant eﬀect on
the abundance and relative fractionation of highly incompatible trace elements (k0 < 0.01) in residual solid. The
highly incompatible trace element enriched patterns are
similar to those produced by equilibrium fractional melting
of an enriched source. This mild enrichment is due to the
term e + kp in the disequilibrium melting model (Eq.
(5b)). For elements with kp < e, their ability to fractionate
among each other is masked by e. When kp  e, abundance
of the incompatible trace element in residual solid is independent of its partition coeﬃcient and takes on the asymptotic value,

3.2. Comparison with continuous melting and steady-state
melting models

Nb
Ta

10 -2

10 -1

10 0

10 1

Partition Coefficient
Fig. 2. Variations of the degree of melting at the cross over (Fx) as
a function of bulk solid–melt partition coeﬃcient for 4 choices of
the disequilibrium parameter e. Partition coeﬃcients of selected
incompatible trace elements are shown as vertical dashed lines
(partitioning data from Workman and Hart, 2005). See text for
discussion.

In terms of mathematic expression, solutions to the disequilibrium fractional melting model (Eqs. (5a) and (5b))
are very similar to those to the dynamic or continuous melting models. The continuous melting model consists of two
parts: an early batch melting (up to F = fp) and a second
stage ‘‘dynamic melting” whereby a constant and (usually)
small fraction of melt (/f) is retained in the residual solid
(e.g., Zou, 1998; Shaw, 2006). According to the models of
Albarède (1995), Zou (1998), and Shaw (2000), the melt
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Fig. 3. Variations of the normalized residual solid compositions as a function of bulk solid–melt partition coeﬃcient for 5 choices of the
disequilibrium parameter e and at 8% melting. For comparison, compositions in residual solid produced by equilibrium batch melting
(circles), steady-state melting (diamonds, R ¼ 0:75), and continuous melting (triangles, a = 0.01) models are also shown. The case of e = 0
corresponds to equilibrium perfect fractional melting (dashed line). See text for discussion.

composition (C dyn
f ) for the second stage dynamic melting
(F > fp) is given by the equation
"
#1  k p
0
a þ kp
C
a
þ
k

ða
þ
k
ÞF
0
p
s
; ð10aÞ
C dyn
f ¼
k 0 þ ð1  k p Þf p a þ k 0  ða þ k p Þf p
a¼

qf /f
;
qs ð1  /f Þ

fp ¼

a
;
1þa

ð10b; 10cÞ

where a is the mass ratio between coexisting melt and solid;
fp is the degree of melting experienced by the solid matrix at
the onset of dynamic melting. The continuous melting
model is obtained under the assumption of no relative ﬂow
or motion between interstitial melt and residual solid. In the
context of steady state melting in an upwelling column, one
can obtain an expression for the melt composition that is
identical to Eq. (10a) by redeﬁning the parameter a as the
ratio between the melt mass ﬂux and the solid mass ﬂux
(Liang, 2008),
a¼

qf /f V f
:
qs ð1  /f ÞV s

ð10dÞ

For small degree of batch melting (f p  1), Eq. (10a)
can be simpliﬁed by expanding the denominator in the
square bracket in a Taylor series. Retaining the ﬁrst order,
we have
C dyn
f


ac þ 1 0
a þ kp
¼
C 1
F
a þ k0
a þ k0 s

1  k p
a þ kp

;

ð11aÞ

where c is deﬁned as
c¼

1
:
k 0 þ ð1  k p Þf p

ð11bÞ

We can now make direct comparison between the continuous melting model and the disequilibrium fractional
melting model. The case of a ¼ e is most interesting because
terms associated with the square bracket in Eqs. (5a) and
(11a) are equivalent. Diﬀerences between the two models

then arise from the remaining terms in the two equations.
For simplicity, we consider the case k p ¼ k 0 (i.e., modal
melting). For an incompatible element, c > 1. Hence for
the same degree of melting F, the incompatible trace element abundance in the melt calculated using the continuous
melting model (Eq. (11a)) will be higher than that derived
from the disequilibrium fractional melting model (Eq.
(5a)). The opposite is true for the solid. When k 0  f p ,
c  1=k 0 and the concentration of the trace element in the
residual solid derived from the dynamic melting model
(C dyn
s ) is indistinguishable from that from the disequilibrium
fractional melting, viz.,
C dyn
s


1  k p
k 0
a þ kp a þ kp
¼ Cs 1 
F
:
k0
a þ k0

ð12Þ

These are illustrated in Fig. 3 for the case of a = 0.01
(open triangle), e = 0.01 (solid red line), and F = 8%. Hence
in terms of numerical values the two models are equivalent
except for trace elements having bulk partition coeﬃcients
signiﬁcantly less than the value of e or a.
The disequilibrium fractional melting model (Eqs. (5a)
and (5b)) also bears resemblance to the steady-state melting
models of Iwamori (1994), Ozawa (2001), and Liang and
Peng (2010) which take on the simple form,
 1  kp
0
C
k
þ
R

1
p
s
C ss
1
F kp þ R  1;
f ¼
k0
k0

ð13Þ

where C ss
f is the abundance of the trace element in the melt
according to the steady-state model. Note the subtle diﬀerence in the exponent: R  1 6 0 in Eq. (13) but e P 0 in
the disequilibrium fractional melting model (Eq. (5a)). With
proper choice of the melt suction rate, concentrations of
moderately incompatible elements calculated using the
steady-state melting model are practically the same as those
obtained using the disequilibrium fractional melting model
or the continuous melting model. The mismatches are, again,
in the highly incompatible trace elements (Fig. 3, R ¼ 0:75).
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Hence one cannot distinguish disequilibrium fractional melting from equilibrium near fractional melting based on moderately incompatible trace element abundances in residual
solid unless the extent of chemical disequilibrium is large
(i.e., when e > k).
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0

kp
10-1

k0

The most important diﬀerence among the three melting
models is in the physical meaning of the melting parameters
a, R, and e. Here a in the continuous melting model is the
melt-to-solid mass or mass ﬂux ratio (Eq. (10b) or (10d)),
while R in the steady-state melting model is the melt suction
rate relative to the melting rate. Both are physical parameters common to all the elements in the system. In contrast, e
in the disequilibrium melting model is the melting rate relative to the solid–melt chemical exchange rate (Eq. (3d))
and therefore is speciﬁc to the element of interest. For diffusion in solid limited mass transfer, the exchange rate R is
proportional to diﬀusion coeﬃcient of the element of interest in the mineral (D), viz.,
R¼

3bD
;
d2

ð14Þ

where d is the average or eﬀective mineral grain size; b is a
geometric factor. b = 1, 4, or 5 for diﬀusion in a plane
sheet, a cylinder or a sphere (e.g., Navon and Stolper,
1987; Bodinier et al., 1990; Liang, 2003b). Hence e is inversely proportional to the diﬀusion coeﬃcient.
Van Orman et al. (2001) demonstrated that diﬀusion of
REE in diopside depend strongly on their ionic radii. Fig. 4
displays the disequilibrium parameter eREE for REE in
clinopyroxene (cpx) for 5 choices of the disequilibrium
parameter eLa for La. Here we scale eREE for REE to that
of La using the reciprocal relationship (cf. Eq. (14)),
DLa
eREE ¼
eLa ;
ð15Þ
DREE
where DREE are the diﬀusion coeﬃcients for trivalent REE
in cpx at 1300 °C and 1 GPa, calculated using the diﬀusion
data in Van Orman et al. (2002). The disequilibrium parameter eREE decreases by a factor of 20 from La to Lu for a
given eLa.
The signiﬁcance of element speciﬁc eREE is demonstrated
by the variations in the light and heavy REE abundances in
residual cpx for a case of non-modal melting of spinel lherzolite in Fig. 5a–d (F = 6%, 10%, 14%, and 18%). For 0–18%
non-modal melting of the lherzolite, the bulk partition
coeﬃcient of La (kLa) decreases from 0.0096 to 0.003, while
the bulk partition coeﬃcient of Lu (kLu) decreases from
0.13 to 0.066. For the ranges of disequilibrium parameter
considered (Fig. 4), we have eLa > kLa and eLu 6 kLu. Hence
disequilibrium fractional melting has a signiﬁcant eﬀect on
the light REE (LREE) in residual cpx but a small to negligible eﬀect on the heavy REE (HREE) in cpx. This is in
contrast to the case of constant e for REE where middle
to heavy REE are also fractionated through the term e
+ k in Eq. (5c) (see Supplementary Fig. S1 for an example
of F = 10% and eREE = eLa). At higher degrees of melting,
LREE abundances in cpx are very sensitive to the extent
of chemical disequilibrium, whereas middle to heavy REE

εREE

3.3. Element speciﬁc disequilibrium parameter e
10-2

10

-3

10-4

εLa = 0.01
εLa = 0.02
εLa = 0.04
εLa = 0.06
εLa = 0.1
La Ce Pr Nd

Sm Eu Gd Tb Dy Ho Er

Yb Lu

Fig. 4. Variations of the disequilibrium parameter for REE (eREE)
for 5 choices of eLa. Here eREE are calculated using Eq. (15) and
diﬀusion coeﬃcients for trivalent REE in diopside at 1300 °C and
1 GPa from the diﬀusion data in Van Orman et al. (2002). Partition
coeﬃcients (k0 and kp) for non-modal melting of a spinel lherzolite
are also shown.

in cpx become progressively depleted in response to melting. Disequilibrium melting for LREE and (near) equilibrium melting for HREE result in ‘‘spoon-shaped” LREE
enriched patterns (Fig. 5c and d) which have often been
attributed to shallow level melt refertilization (see Section 5.2 for discussion). It is important to note that the
LREE enrichment in this case is not due to an enriched
mantle source, but rather the depletion of middle to heavy
REE at higher degrees of melting. This is an important feature of disequilibrium fractional melting.
Given the simple analytical solutions obtained in this
study, it is possible to assess the extent of chemical disequilibrium experienced in residual peridotites by inverting the
disequilibrium parameter eLa and the extent of melting F
from abundances of REE in residual peridotites. We consider two such examples in the next section.
4. REE AND Y DEPLETION IN ABYSSAL
PERIDOTITES
The abundance of REE in cpx in abyssal peridotites has
often been used to infer the degree of melting and style of
melt extraction in the oceanic mantle (e.g., Johnson et al.,
1990; Johnson and Dick, 1992; Dick and Natland, 1996;
Niu and Hèkinian, 1997; Hellebrand et al., 2002;
Hellebrand and Snow, 2003; Niu, 2004; Brunelli et al.,
2006, 2014; Seyler et al., 2007; Liang and Peng, 2010). Interpretations of the trace element data in previous studies are
based on equilibrium melting models. An important conclusion from these studies is that melting beneath the
mid-ocean spreading center is fractional or near fractional.
In a recent study, Liang and Peng (2010) inverted melting
parameters (F and R) from REE and Y abundances in
cpx in abyssal peridotites from three localities along the
Central Indian Ridge (CIR, data reported by Hellebrand
et al., 2002) using the steady-state melting model Eq. (13)
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Fig. 5. Variations of REE abundances in residual clinopyroxene (normalized to CI chondrite) during disequilibrium fractional melting of a
spinel lherzolite. For reference, REE abundances in clinopyroxene at the onset of melting are shown as dash-dotted lines. The cases of
equilibrium fractional melting are shown as dashed lines (e = 0).

and its modiﬁed forms that include batch melting in the
lower part of the melting column and melting initiated in
the garnet stability ﬁeld. Of the 22 cpx data reported by
Hellebrand et al. (2002), they were only able to obtain satisfactory ﬁts to 10 LREE depleted samples using Eq. (13) or
its modiﬁed forms. An interesting question is if REE patterns in the remaining 12 samples can be explained by the
disequilibrium fractional melting model. A broader question is if disequilibrium melting is important to mantle
melting beneath the mid-ocean ridge spreading center.
To address these questions, we ﬁrst invert the melting
parameters (F and eLa) from REE + Y abundances in the
22 cpx samples from CIR using the disequilibrium fractional melting model presented in this study. (Disequilibrium parameters for Y and other REE are related to eLa
via Eq. (15).) We then expand our database by including
35 cpx data from the Vema Lithospheric Section (VLS),
Mid-Atlantic Ridge (Brunelli et al., 2006). Peridotites from
these two studies are free of plagioclase and generally
depleted in incompatible trace element abundances. Major
element abundances in minerals in these samples exhibit
systematic variations that are consistent with melting trends

(Hellebrand et al., 2001, 2002; Brunelli et al., 2006; Cipriani
et al., 2009). Additionally, 143Nd/144Nd isotope ratios in
cpx from 14 of the 35 VLS samples were measured by
Cipriani et al. (2004), which allows us to assess the role of
mantle source heterogeneity in the data interpretation. In
order to use the simple melting models, we make the following assumptions: (1) REE + Y abundances in cpx from
these two studies represent residues of mantle melting and
that melting initiates in the spinel lherzolite ﬁeld; (2) trace
element abundances in the starting mantle are homogeneous and the same as the average DMM (Workman and
Hart, 2005); and (3) solid–melt chemical exchange for
REE is rate limited by diﬀusion in cpx. Sun and Liang
(2014) showed that the elevated HREE abundances in cpx
in abyssal peridotites can be attributed to subsolidus redistribution of REE between cpx and orthopyroxene and melting in the garnet stability ﬁeld is not required to explain the
observed REE patterns in residual cpx. Assumptions (1)
and (2) imply that REE + Y abundances in cpx are not
aﬀected by other magmatic processes such as refertilization
or metasomatism. We will come back to this point in
Section 5.2.
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We invert for melting parameters F and eLa for a given
set of REE + Y data in residual cpx using Eq. (5c) and a
nonlinear least squares regression method (Liang and
Peng, 2010). We scale eREE for Y and other REE to eLa
according to Eq. (15) using the diopside diﬀusion data in
Van Orman et al. (2002) at 1300 °C and 1 GPa. Diﬀusion
coeﬃcients of trivalent cations not listed in Van Orman
et al. (2002) are interpolated according to ionic radii of
REE3+. We use the average pyroxene–melt and olivine–
melt REE partition coeﬃcients along the 1300 °C mantle
adiabat for the DMM starting composition (Sun and
Liang, 2012; Yao et al., 2012; Sun and Liang, 2014) and
the melting reaction for spinel lherzolite of Kinzler and
Grove (1992) to calculate bulk partition coeﬃcients k0
and kp in Eq. (5c) (Fig. 4). To compare with equilibrium
melting models, we also invert melting parameters for the
steady-state melting model (F and R) and the continuous
melting model (F and a), when possible. La abundances
in 2 CIR and 6 VLS samples are too high (chondrite normalized La/Ce > 2) to be consistent with any melting model
starting with the average DMM. Melting parameters for
these samples were obtained by excluding La in the nonlinear least squares regression analyses. Eleven of the 12 CIR
samples that were excluded in the study of Liang and Peng
(2010) can now be ﬁtted by the disequilibrium fractional
melting model. The exception is sample CIRCE93-7, which
has a ‘‘humped” or middle REE enriched pattern and cannot be ﬁtted by any of the melting models (Supplementary
Fig. S2). One sample (S2209-1) from VLS is also excluded
from this study because of fewer elements available for this
sample (which results in none convergence in our least
squares inversion). Best estimates of the melting parameters
for the 56 samples are listed in Supplementary Tables S1
and S2. Nonlinear least squares ﬁts to individual samples
using the three melting models are presented in Supplementary Figs. S2 and S3. Below we summarize the main results.
Fig. 6a presents our best estimates of the melting parameters (eLa and F) for the 21 CIR samples (circles) and 35
VLS samples (triangles). Figs. 7a–c display examples of

0.04

189

measured REE patterns along with nonlinear least squares
ﬁts to the observed data using the disequilibrium fractional
melting model (solid line). The disequilibrium parameter
eLa ranges from eﬀectively 0 to 0.036 and F from 5% to
21%, deﬁning a broad positive correlation in Fig. 6a.
According to their REE patterns, the 56 cpx data can be
divided into two groups: those with eLa < 0.02 and those
with eLa > 0.02. The former includes all the samples with
LREE depleted patterns (Fig.7a, 30 VLS samples and 11
CIR samples), while the latter consists of 13 samples with
variable La and Ce enrichment (Fig.7b and c), 4 from
VLS and 10 from CIR. REE patterns in cpx in the small
eLa group can also be explained by the two equilibrium
melting models, whereas REE patterns in cpx in the larger
eLa group can only be explained by the disequilibrium melting model (Supplementary Fig. S2 and S3).
The Cr# in spinel is a useful proxy for the degree of
melting (Hellebrand et al., 2001). For the CIR and VLS
samples, the Cr# in spinel is negatively correlated with
Yb, Na2O, and TiO2 abundances in residual cpx.
Figs. 8a and 8b compare our inverted eLa and F with the
Cr# in spinel in the same peridotite samples. The broad
positive correlations between the spinel Cr# and the
inverted F for the two sets of data further conﬁrm the conclusions of Hellebrand et al. (2002) and Brunelli et al. (2006,
see also Cipriani et al., 2009) that middle and heavy REE
abundances in these samples were largely controlled by
mantle melting. Interestingly, our inverted eLa are only
weakly correlated with the Cr# in spinel.
5. FURTHER DISCUSSION
5.1. The assumption of R1 = R2 =    = RN
The simple analytical solutions (Eqs. (5a)–(5c)) were
obtained under the assumption that the mineral–melt
exchange rate constants are the same for all the minerals
in the residue. According to Cherniak and Liang (2007),
REE diﬀusion in enstatite is not sensitive to ionic radius
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Fig. 6. Correlations between the inverted disequilibrium parameter eLa and the degree of melting F for the 56 abyssal peridotite samples
included in this study. (a) Parameters obtained using the disequilibrium fractional melting model; (b) parameters obtained using the
disequilibrium batch-fractional melting model. Here we assume 4% batch melting in the lower part of the melting column and eLa for batch
melting is half that for fractional melting. The error bars are ±1 standard deviations. Filled symbols represent samples with (La/Ce)N > 2.
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from the Central Indian Ridge reported by Hellebrand et al. (2002) and the Vema Lithospheric Section, Mid-Atlantic Ridge report by Brunelli
et al. (2006). For clarity, data from VLS were elevated by a factor of 10. (a) LREE depleted samples; (b) Mild LREE enriched samples; (c)
examples with (La/Ce)N > 2 and their La abundances were excluded in the inversion (green circles). Initial mineral proportions in the starting
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legend, the reader is referred to the web version of this article.)

and their diﬀusivities are comparable to those of Gd and
Dy in diopside (Van Orman et al., 2001). To assess the eﬀect
of REE diﬀusion in orthopyroxene (opx) on the inverted
melting parameters, we solved the more general mass conservation Eqs. (A4a)–(A4c) in Appendix A numerically
using diﬀusion data reported in Van Orman et al. (2002)
for cpx and Cherniak and Liang (2007) for opx. We set
the degree of melting to 10% and ran simulations for a
range of disequilibrium parameter eLa in cpx that are comparable to those obtained from our inversion (104 to 0.04,
Fig. 6a). We then invert the numerically generated REE
patterns in cpx for eLa and F using the simpliﬁed disequilibrium fractional melting model (Eq. (5c)). We found that
values of the inverted eLa and F are within 10% and 3%
of the input values, respectively. This excellent agreement
is due to the small values of eLa (60.04) used in the simulation (i.e., melting is near equilibrium for HREE and slight
disequilibrium for LREE) and the considerably smaller
LREE partition coeﬃcients in opx. The latter limits the
contribution of opx to the overall LREE budget. As illustrated in Fig. 5, LREE abundances in residual cpx are more
sensitive to small values of eLa than HREE. Hence the simple melting model presented in this study (Eqs. (5a)–(5c)) is
especially suitable for studying near equilibrium fractional
melting of spinel peridotite.
5.2. Disequilibrium batch melting
It has long been recognized that geochemical interpretations of fractional or near-fractional melting are not
unique. Ribe (1985) showed that steady-state melting in a
one-dimensional upwelling melting column without melt
extraction to nearby channels is equivalent to batch melting. Kelemen et al. (1997) demonstrated that the depleted
LREE patterns in cpx in abyssal peridotites can be
explained equally well by a hybrid model involving a

combination of batch melting and fractional melting.
Asimow (1999) argued that fractional melting alone is not
capable of explaining the systematic variations in major element in abyssal peridotites and that a combination of batch
melting and fractional melting similar to that proposed by
Kelemen et al. (1997) can explain the variations in both
the major and trace elements in abyssal peridotites [see also
Niu et al. (1997) for an alternative explanation]. Liang and
Peng (2010) showed that 5% equilibrium batch melting followed by 10–15% equilibrium near fractional melting can
also explain the 10 LREE depleted cpx samples of
Hellebrand et al. (2002) from CIR. It is likely that both
fractional melting and batch melting have played important
roles in magma generation beneath the mid-ocean ridges.
We can construct a steady-state melting model similar to
that of Kelemen et al. (1997) and Asimow (1999) by considering disequilibrium batch melting in the lower part of the
melting column (up to F = fp, Appendix B) and disequilibrium fractional melting in the upper part of the melting column (Appendix C). This disequilibrium batch-fractional
melting model has two additional parameters (fp and e) to
account for batch melting in the lower part of the melting
column. Since (equilibrium) batch melting results in considerably less incompatible trace element fractionation than
fractional melting (Fig. 4) and disequilibrium batch melting
further reduces such fractionation (Appendix B), disequilibrium batch-fractional melting is capable of producing the
mildly LREE enriched and spoon-shaped REE patterns in
cpx in residual peridotites (for an example, see Supplementary Fig. S5). Fig. 6b presents the inverted eLa and F at
fp = 4% for the 56 CIR and VLS samples. Since temperatures in the lower part of the melting column are higher
than those in the upper region during adiabatic melting,
eLa for batch melting is likely smaller than that for fractional melting in the upper part of the melting column
(see Section 5.4 for additional discussion). For purpose of
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demonstration, here we assume that eLa for batch melting is
half the size of eLa for fractional melting in the melting column. The disequilibrium parameter eLa for fractional melting ranges from 0 to 0.042 and F from 6% to 21%, which are
very similar to the case shown in Fig. 6a for perfect fractional melting. The slightly larger eLa for samples experienced higher degree of melting (F > 14%) in Fig. 6b is due
to disequilibrium batch melting in the lower part of the
melting column. The preceding exercise further demonstrates the importance of batch melting in the lower part
of the upwelling column to the interpretation of the
observed REE data in abyssal peridotites. Indeed, both linear stability analysis and numerical simulations of reactive
porous ﬂow have shown that it is diﬃcult to form highporosity channels in the lower part of an upwelling melting
column in the absence of chemical heterogeneity (e.g.,
Spiegelman and Kelemen, 2003; Hewitt, 2010; Hesses
et al., 2011; Liang et al., 2010, 2011; Weatherley and
Katz, 2012). In the absence of high-porosity channels,
batch melting in the framework of Ribe (1985) is likely
the dominant mode of melt generation during decompression melting.
5.3. Refertilization and mantle metasomatism
Shallow level refertilization of refractory harzburgite by
basalts formed in the lower part of the melting column has
been widely believed to play an important role in the formation of plagioclase-bearing abyssal peridotites and in producing variably LREE enriched patterns in plagioclasefree peridotites (e.g., Dick, 1989; Cannat et al., 1992;
Elthon, 1992; Girardeau and Francheteau, 1993; Niu and
Hèkinian, 1997; Seyler and Bonatti, 1997; Seyler et al.,
2001; Tartarotti et al., 2002; Niu, 2004; Takazawa et al.,

2007; Godard et al., 2008; Brunelli and Seyler, 2010;
Müntener et al., 2010; Warren and Shimizu, 2010). Both
Hellebrand et al. (2002) and Brunelli et al. (2006) presented
textural evidences for small amount of trapped and crystallized melt in the peridotite samples they studied (see also
Seyler et al., 2001). Hellebrand et al. (2002) showed that
the hump-shaped REE pattern in sample CIRCE93-7 can
be explained by a mixing model that involves a refractory
harzburgite or lherzolite and a slightly less depleted instantaneous melt produced by 13% and 12% continuous melting
with 0.5% trapped melt (see their Fig. 9). Brunelli et al.
(2006) further expanded the refertilization model of
Hellebrand et al. (2002) by considering various refertilizing
melt
compositions
(instantaneous
melt,
quasiinstantaneous melt, and partially aggregated melt extracted
over a range of depth in the melting column). According to
their model, melting started in the garnet stability ﬁeld and
refertilization with 0.1–0.8% of partially aggregated melt
could explain REE abundances in 31 of the 35 VLS samples
(see their Table 8 and Fig. 12). They noted that ‘‘the
amount of melting in the garnet stability ﬁeld is higher than
expected for a slow-spreading scenario as in the VLS”. The
melting and refertilization model of Brunelli et al. (2006)
has six parameters: degrees of melting in the garnet and spinel stability ﬁelds, residual porosity, refertilizing melt composition and melt fraction, and proportion of cpx
crystallized from the refertilizing melt. Trace element modeling with such large number of parameters often suﬀers
from nonlinear trade-oﬀ among the parameters, resulting
in non-unique solutions to the melting-refertilization problem (e.g., Niu and Hèkinian, 1997; Niu, 2004). For example, we can also produce variably LREE enriched
patterns in cpx by mixing small degree melts derived from
melting of a spinel lherzolite with a refractory harzburgite.
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It is not clear physically how refertilization by small degree
melts takes place in an upwelling mantle.
Hellebrand et al. (2002) noted that Na2O content in
some of the CIR samples are too high to be consistent with
a melting trend and attributed it to refertilization at shallow
depth (see also Elthon, 1992). Fig. 9a displays variations of
Na2O in cpx as a function of our inverted eLa for the 56
CIR and VLS samples. In general, Na2O contents in cpx
from CIR are higher than those from VLS at a given eLa
or F, suggesting the melting condition or source composition may be diﬀerent between the two regions. However,
there is no obvious correlation between eLa and Na2O in
cpx for samples with eLa > 0.02. Interestingly, samples with
Na2O in cpx > 0.5 wt% have lower eLa values (<0.013,
Fig. 9a), whereas samples with the highest eLa have the lowest Na2O in cpx.
Metasomatism by a melt or ﬂuid derived from a heterogeneous mantle source can also give rise to elevated LREE
patterns in peridotites. Eight samples (2 from CIR and 6
from VLS) included in this study have higher La abundances that cannot be explained by any melting models.
Fig. 9b shows that there is no correlation between
(La/Ce)N and the disequilibrium parameter eLa. Hence, a
process that gives rise to La enrichment in cpx is unlikely
responsible for the higher eLa derived from the more refractory (high F) samples. Peridotite samples that experienced
mantle metasomatism often possess enriched isotope
signatures. Cipriani et al. (2004) reported Sr and Nd isotopes of cpx mineral separates for 14 of the 35 samples
included in the study of Brunelli et al. (2006). Fig. 10 displays variations of our inverted eLa with the 14 143Nd/144Nd
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Fig. 10. Correlations between the inverted disequilibrium parameter eLa and 143Nd/144Nd ratio in clinopyroxene in the abyssal
peridotite samples from the Vema Lithospheric Section, MidAtlantic Ridge report by Brunelli et al. (2006). Isotope data are
from Cipriani et al. (2004). The two boxes are drawn to facilitate
discussion.
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data for samples with eLa > 0.02. Based on a larger dataset
(21 samples), Cipriani et al. (2004) showed that there is a
broad negative correlation between Cr# in spinel and
143
Nd/144Nd ratio in cpx in the VLS samples (r2 = 0.60,
see their Fig. 4, although additional isotope data for the
VLS samples indicate that the correlation, if any, is weaker
than that shown in their Fig. 4, Dr. Daniele Brunelli
personal communication, 2015). However, given the weak
positive correlation between Cr# in spinel and eLa in
Fig. 8b, we cannot rule out the second interpretation.
Finally, it is interesting to note that the most isotopically
enriched sample in Fig. 10 has the highest (La/Ce)N ratio
(20) but low eLa (0.008 ± 0.0015). Hence the limited data
considered here cannot establish an obvious link between
mantle metasomatism and samples with higher eLa values
(>0.02). More isotope data are needed to further assess
the relationship between metasomatism and disequilibrium
melting in abyssal peridotites.
5.4. Disequilibrium melting and the positive correlation
between F and eLa
The melting parameters obtained in this study also
depend on starting mantle composition, modal abundance,
and stoichiometric coeﬃcients in the melting reaction. (This
statement also applies to other melting models.) For example, we can ﬁt the same REE pattern in residual cpx with a
smaller degree of melting if we decrease cpx abundance in
the starting mantle. However, the positive correlation
between eLa and F remains and hence is a robust feature
of the two data sets. This illustrated in Supplementary
Fig. S4 for a starting mantle with 13% cpx.
The association of larger disequilibrium parameter eLa
with higher degree of melting F in the HREE depleted samples (Figs. 6a and 6b) is intriguing and demands further
examination. Although nonlinear trade-oﬀ from least
squares inversion of the REE + Y data can give rise to a

14

positive correlation between eLa and F, variations of eLa
and F due to such aliasing are small and cannot explain
the larger ranges shown in Fig. 6. Within the framework
of adiabatic melting in an upwelling homogeneous mantle
column, a simple explanation of the positive correlations
in Fig. 6 is an increase in melting rate and a decrease in diffusive exchange rate in the upper part of the melting column (cf. Eqs. (3d) and (14)). The melting rate (C) is
related to the upwelling rate (Vs) and melt productivity
(dF/dz) through Eq. (A2c) in Appendix A, viz.,
C¼

qs ð1  /f ÞV s dF
:
dz
1F

ð16Þ

From Eqs. (3d) and (14), we have a simple expression for
the disequilibrium parameter
e¼

V sd 2
dF
:
3bð1  F ÞD dz

ð17Þ

Diﬀusivities of LREE in cpx decrease by a factor of 10
or so during adiabatic mantle melting (which results in a
decrease in temperature). Asimow et al. (1997, 2001)
demonstrated through thermodynamic calculations that
the melt productivity or melting rate increases signiﬁcantly
at lower pressures during adiabatic fractional melting of
lherzolite and cpx-bearing harzburgite. Fig. 11a shows the
increase of melting rate along the 1310 °C mantle adiabat
for two choices of upwelling rate (15 and 30 mm/yr, red
and blue solid lines, respectively). Here the melting rates
are derived from pMELTS (Ghiorso et al., 2002) for near
fractional melting of DMM. Fig. 11b displays the positive
correlation between eLa and F along the 1310 °C mantle
adiabat, calculated using Eq. (17) with the La diﬀusion
coeﬃcient from Van Orman et al. (2002) for a constant
cpx grain size of 1 mm and two choices of upwelling rate
(solid lines). The cpx grain size likely decreases during mantle melting, although the details are unknown. Fig. 11b displays two additional examples calculated by assuming cpx

× 10-4

0.05

(a)

12

193

(b)

d = 1 mm

0m
m/

yr

r

εLa

m

=

Vs =

4

m/yr

15 m

30

m

Vs

s

6

/y

0.03

=3

8

V

Γ (kg·m -3·yr-1)

0.04
10

0.02

0.01
2

Vs = 15 mm/yr
0

0
0

0.05

0.1

F

0.15

0

0.05

0.1

0.15

F

Fig. 11. Variations of the calculated melting rate (a) and disequilibrium parameter eLa (b) along an adiabatic near-fractional melting path for
two choices of upwelling rates: 15 mm/yr (blue solid and dashed lines) and 30 mm/yr (red solid and dashed lines). Two cases of clinopyroxene
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grain size proportional to its modal abundance during melting (red and blue dashed lines for upwelling rates of 15 and
30 mm/yr, respectively). The decrease of eLa at higher F
(>13%) is due to a signiﬁcant reduction in cpx grain size,
which outweighs the increase in melt productivity. Given
the large uncertainties in cpx grain size, grain shape, and
grain size distribution, a more realistic case may be the
one that is bracketed by the solid and dashed lines in
Fig. 11b, which deﬁnes a broad positive correlation between
eLa and F, similar to that observed in abyssal peridotites
(Fig. 6). The preceding examples highlight the importance
of grain size and upwelling rate in controlling e in the disequilibrium melting model.
The small values of eLa and the positive correlation
between eLa and F (Fig. 6) suggest that melting in the low
half of the melting column (F < 14%) can be treated as near
equilibrium melting for all the REE in residual cpx and that
melting in the entire melting column can be treated as equilibrium melting for HREE in cpx. Indeed, REE patterns in
cpx in moderately depleted samples and HREE in all but
one sample (CIRCE93-7) from the two regions can also
be explained by equilibrium near fractional melting models.
Small extent of chemical disequilibrium persists for LREE
in more refractory harzburgites. This may be a common
phenomenon for abyssal peridotites and possibly residual
peridotites from other tectonic settings where melting rate
is high and kinetics is sluggish (e.g., slab melting and
hydrous melting in mantle wedge). Given the relatively fast
rates of diﬀusive exchange of major elements in mantle minerals compared to REE diﬀusion in pyroxenes, results from
this study imply that disequilibrium melting is unlikely to
play a major role in the fractionation of major and compatible trace elements during adiabatic melting in the oceanic
mantle. Although we cannot rule out shallow level refertilization as a mechanism for LREE enrichment in cpx from
CIR and VLS samples, we note that refertilization is not
required by the disequilibrium fractional and batchfractional melting models. It is likely that both disequilibrium melting and shallow level refertilization have played
important roles in the fractionation of LREE and other
highly incompatible trace elements in at least some of the
abyssal peridotites. More petrologic and geochemical studies are needed to distinguish samples aﬀected by refertilization from samples experienced disequilibrium melting.
Highly incompatible trace elements with smaller mobility,
such as LREE, Nb, Ta, U and Th, are especially useful in
deciphering the extent of chemical disequilibrium between
residual solid and partial melt during decompression mantle melting.

APPENDIX A. GOVERNING EQUATIONS
We consider a general problem of trace element fractionation during disequilibrium melting and melt migration in a
one-dimensional steady-state upwelling column in which
part of the melt generated is extracted to nearby channels
or conduits. At steady state, mass conservation equations
for a non-radioactive trace element in the interstitial melt,
residual solid, and a given mineral take the forms
qf /f V f

N
X
dC f
¼ ðC ps  C f ÞC þ qs ð1  /f Þ wj Rj ðC sj  k j C f Þ;
dz
j¼1

ðA1aÞ
qf ð1  /f ÞV s

dC s
¼ ðC s  C ps ÞC
dz
 qs ð1  /f Þ

N
X
wj Rj ðC sj  k j C f Þ; ðA1bÞ
j¼1

dC sj

¼ qs /j Rj ðC sj  k j C f Þ;
dz
N
N
X
X
wj C sj ; C ps ¼
pj C sj ;
Cs ¼

qs /j V s

j¼1

ðA1cÞ
ðA1d; A1eÞ

j¼1

where q is the density; /f is the porosity; V is the velocity;
C is the bulk solid melting rate; wj is the weight fraction of
mineral j in residual solid; Rj is the exchange rate constant
for the trace element of interest between mineral j and the
melt; kj is the mineral j and melt partition coeﬃcient for
the trace element. The subscripts or superscripts f and s
refer to properties of the melt and solid, respectively.
The left-hand side (LHS) of Eqs. (A1a)–(A1c) is due to
advection of the melt or the solid. The ﬁrst terms on the
right-hand side (RHS) of Eqs. (A1a), (A1b) account for
non-modal melting of the solid (the melting term in
Eq. (A1c) is eliminated by mass conservation constraint
of the mineral), while the second terms are due to solid–
melt mass transfer in response to diﬀusion in minerals
and/or dissolution–reprecipitation. These RHS terms
are very similar to those given in Liang (2003a) for a
disequilibrium dynamic melting model. Summation of
Eq. (A1c) over all the minerals, while noting wj varies
during melting, recovers the bulk solid mass conservation
Eq. (A1b).
For the steady-state upwelling melting column, the melt
and solid mass ﬂuxes on the LHS of Eqs. (A1a) and (A1b)
are related to the degree of melting (F) experienced by the
solid matrix (Liang and Peng, 2010), viz.,
qf /f V f ¼ qs V 0s F ð1  RÞ;

ðA2aÞ

qs ð1  /f ÞV s ¼ qs V 0s ð1  F Þ;

ðA2bÞ
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Vs

dF
ð1  F ÞC
;
¼
dz qs ð1  /f Þ

ðA2cÞ

where V 0s is the upwelling rate at the onset of melting
(z = 0). Substituting Eqs. (A2a)–(A2c) into Eqs. (A1a)–
(A1c), we obtain a set of mass conservation equations in
terms of the degree of melting,
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F ð1  RÞC

ð1  F ÞC

ð1  F ÞC

N
X
dC f
¼ ðC ps  C f ÞC þ qs ð1  /f Þ wj Rj ðC sj  k j C f Þ; ðA3aÞ
dF
j¼1

N
X
dC s
¼ ðC s  C ps ÞC  qs ð1  /f Þ wj Rj ðC sj  k j C f Þ;
dF
j¼1

dC sj
¼ qs ð1  /f ÞRj ðC sj  k j C f Þ:
dF

For constant melting rate, Eqs. (A3a)–(A3c) can be further simpliﬁed by dividing each equation by the product
qs ð1  /f ÞR1 ,
N
X
dC f
Rj
¼ eðC ps  C f Þ þ
e1 F ð1  RÞ
wj ðC sj  k j C f Þ;
dF
R
1
j¼1

ðA4aÞ

N
X
dC s
Rj
¼ eðC s  C ps Þ 
e1 ð1  F Þ
wj ðC sj  k j C f Þ;
dF
R
1
j¼1

ðA4bÞ

e1 ð1  F Þ

dC sj
Rj
¼  ðC sj  k j C f Þ;
dF
R1

ðA4cÞ

where the disequilibrium parameter e1 is deﬁned with
respect to the exchange rate constant for the element of
interest in mineral 1, viz.,
e1 ¼

C
:
qs ð1  /f ÞR1

ðA4dÞ

When R1 = R2 =    = RN = R, Eqs. (A4a)–(A4d) reduce
to Eqs. (3a)–(3d) which are the working model in this study.
APPENDIX B. A SIMPLE MODEL FOR NEAR
EQUILIBRIUM BATCH MELTING
During batch melting (R ¼ 0) the melt and bulk solid
compositions at any point in the melting column are related
to each other through total mass conservation (e.g., Ribe,
1985; Asimow and Stolper, 1999),
FC f þ ð1  F ÞC s ¼ C 0s ;

ðB1Þ

C 0s

where
is the concentration of the trace element in the
bulk solid at the onset of melting. Exact solutions to Eqs.
(3a)–(3h) are complicated, involving incomplete gamma
functions. Given the main results from this study, here we
seek approximate solutions for a case of near equilibrium
batch melting, i.e., when e  1. The solutions can be
obtained by expanding the melt and solid concentrations
in terms of the small disequilibrium parameter e using the
regular perturbation method,
ð0Þ

ð1Þ

C ð0Þ
s

eC ð1Þ
s

ð2Þ

C f ¼ C f þ eC f þ e2 C f þ    ;
Cs ¼

þ

þe

2

C ð2Þ
s

þ ;

ðB2aÞ
ðB2bÞ

where numbers in parentheses in the superscript refer to
zero-th order, ﬁrst-order, and second-order solutions,
respectively. The zero-th order solutions recover the equilibrium case, viz.,
ð0Þ

Cf

C 0s
;
¼
k 0 þ ð1  k p ÞF

C ð0Þ
s ¼

kC 0s

k 0 þ ð1  k p ÞF

:

For near equilibrium batch melting, a ﬁrst order correction is adequate. The approximate solutions to Eqs. (3a)–
(3h) (for R ¼ 0), accurate to the order of e2, are

ðA3bÞ
ðA3cÞ

ðB3aÞ
ðB3bÞ
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(
C batch
f
C batch
s

¼

ð0Þ
Cf

1

ð1  F Þð1  k p Þðk 0  k p F Þ

½F þ ð1  F Þk2
(
)
F ð1  F Þð1  k p Þ
ð0Þ
¼ Cs 1 þ
e ;
½F þ ð1  F Þk2

¼
C j;batch
s

)
e ;

k j batch
C
;
k s

ðB4aÞ
ðB4bÞ
ðB4cÞ

where k is the bulk partition coeﬃcient (Eq. (3e)). Hence
ð0Þ
> C ð0Þ
and C batch
< C f for incompatible elements
C batch
s
s
f
during batch melting.
APPENDIX C. A DISEQUILIBRIUM BATCHFRACTIONAL MELTING MODEL
Here we consider a case of disequilibrium batch melting
in the lower part of the melting column (F 6 fp) and disequilibrium fractional melting in the upper part of the melting column. Solutions for a trace element in the melt, bulk
solid, and mineral j in the upper part of the melting column
can be readily derived given Eqs. (B4a)–(B4c) and take on
the following expressions

C f ¼ C batch
f

e þ k fp
ek p þ k fp



ek p þ k
eþk

#1  k p
e þ k 0  ðe þ k p ÞF e þ k p
; ðC1aÞ
e þ k 0  ðe þ k p Þf p

"

"
#1  k p
k batch e þ k 0  ðe þ k p ÞF e þ k p
Cs ¼ Cs
k fp
e þ k 0  ðe þ k p Þf p
"
#1  k p
e þ kp
k
e
þ
k

ðe
þ
k
ÞF
j
0
p
C sj ¼ C batch
;
e þ k 0  ðe þ k p Þf p
k fp s

ðC1bÞ

ðC1cÞ

where kfp is the bulk partition coeﬃcient evaluated at
F = fp; k is the bulk partition coeﬃcient evaluated at F;
is from Eq. (B4b) with F = fp. Solution for the aggreC batch
s
gated melt is the same as Eq. (5d). Note the melt and solid
concentrations are continuous across the boundary separating the two styles of melting (at F = fp). The disequilibrium
parameter e may take on two diﬀerent values in the batch
and fractional melting parts of the upwelling column, as
the melting rate and diﬀusion coeﬃcient for the element
of interest vary along the upwelling column during adiabatic melting.
APPENDIX D. SUPPLEMENTARY DATA
Supplementary data associated with this article can be
found, in the online version, at http://dx.doi.org/10.1016/
j.gca.2015.10.020.
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